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Abstract. In this paper, we investigate the change of Finslr metrics 

L{x, y) L{x, y) = /(e'^(")L(x, y), y)), 

which we refer to as a generalized /3-conformal change. Under this change, we study 
some special Finsler spaces, namely, quasi C-reducible, semi C-reducible, C-reducible, 
C2-like, S'3-like and S'4-like Finsler spaces. We obtain some characterizations of the 
energy /3-change, the Randers change and the Kropina change. We also obtain the 
transformation of the T-tensor under this change and study some interesting special 
cases. We then impose a certain condition on the generalized /3-conformal change, 
which we call the b-condition, and investigate the geometric consequences of such 
a condition. Finally, we give the conditions under which a generalized /3-conformal 
change is projective and generalize some known results in the literature. 
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Introduction 



Throughout, M is an n-dimensional C°° different iable manifold and = (M, L) 
a Finsler space equipped with the fundamental function L(x, y) on TM. 

Finsler geometry was first introduced by Finsler himself, to be studied by many 
eminent mathematicians for its theoretical importance and applications in the vari- 
ational calculus, mechanics and theoretical physics. Moreover, the dependence of 
the fundamental function L{x,y) on both the positional argument x and directional 
argument y offers the possibility to use it to describe the anisotropic properties of 
the physical space. For a differential one-form P{x,dx) = bi{x)dx'^ on M, Randers 
[T7], in 1941, introduced a special Finsler space with the Finsler change L = L + P, 
where L is Riemannian, to consider a unified field theory (L = aijy^y^ , aij being the 
gravitational tensor field and bi{x) the electromagnetic potential). Masumoto |11] . 
in 1974, studied Randers and generalized Randers changes in which L is Finslerian. 
Kropina [8] introduced the change L = L'^/(3, where L is Riemannian. This change 
has been studied by other authors such as Shibata [18] and Matsumoto [9]. Randers 
and Kropina changes are closely related to physical theories and so Finsler spaces 
with these metrics have been investigated by many authors, from various approaches 
in both the physical and mathematical aspects ([3], [II],[2D], |22], |23], [21], [26]). 
Randers change was also applied to the theory of the electron microscope by R. S. 
Ingarden [6]. Moreover, there is some relation between the Kropina metric and the 
Lagrangian function of analytic dynamics [18]. In 1984, Shibata [19] considered the 
general case of any /3-change, that is, L = f{L, 13), thus generalizing many changes in 
Finsler geometry ([H], [IE]). In this context, he studied some special Finsler spaces, 
such as C-reducible and S'4-like, under Randers change. 

On the other hand, in 1976, Hashiguchi [1] studied the conformal change of 
a Finsler metric, namely, L = e^^^^L. In particular, he also dealt with the special 
conformal transformation named C-conformal. This change has been studied by Izumi 
[7] among others. In 2008, Abed (P, [2]) introduced the change L = e°'^^-*L -|- /3, 
which he called a /3-conformal change, thus generalizing the conformal, Randers and 
generalized Randers changes. Moreover, he studied some special Finsler space under 
this change such as C-reducible, 5'3-like and S'4-like. 

In [25], the present authors introduced and investigated the more general change 
of Finsler metrics: 

y) -> I = fie'^^'^^Lix, 2/), y)) = f{L, (3), 

where L = e'^^^^L and / is a positively homogeneous function of L and (3 of degree one. 
They obtained the difference between Cartan connection associated with (M, L) and 
Cartan connection associated with {M,L), also, they established some interesting 
results and computed the torsion and curvature tensors of the transformed space 
(M, L) for the four fundamental connections in Finsler geometry. This change is 
referred to as a generalized /3-conformal change. It is clear that this change is a 
generalization of all the above mentioned changes and deals simultaneously with f3- 
change and conformal change. It combines both cases of Shibata (L = f{L,(3)) and 
that of Hashiguchi (L = e'^L). 

In this paper, we continue our investigation of the generalized /3-conformal change. 
Under this change, we study some special Finsler spaces, compute the transformed 
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T-tensor, introduce what we call b-condition and study when this change becomes 
projective. 

The present paper is organized as follows. In section 1, we introduce the necessary 
material and background required for the present work. In section 2, we deal with 
some special Finsler spaces under a generalized /3-conformal change, namely, quasi 
C-reducible, Semi C-reducible, C-reducible, C2-like, 5'3-like and S'4-like. In section 3, 
we compute the T-tensor of the transformed space under a generalized /3-conformal 
change and study some interesting special cases. In section 4, we impose a certain 
condition on the generalized /3-conformal change, which we call the b-condition, and 
investigate the geometric consequences of such a condition. Finally, in section 5, we 
give the conditions under which a generalized /3-conformal change is projective and 
generalize some known results in the literature. 

1. Notations and preliminaries 

Throughout the present paper we use the terminology and notations of [23]. Let 
(M, L) be an n-dimensional C°° Finsler manifold; L being the fundamental Finsler 
function. Let (x*) be the coordinates of any point of the base manifold M and (y*) a 
supporting element at the same point. We use the following notations: 
di'. partial differentiation with respect to x\ 

df. partial differentiation with respect to (basis vector fields of the vertical bundle), 
Qij := ^didjL^ = didjE: the Finsler metric tensor; E := ^L^: the energy function, 

k := diL = QijP = gijj^- the normalized supporting element; := ^, 

hij := Llij = Qij — lilj-. the angular metric tensor, 
Cijk '■= \dk9ij = jdidjdkL'^: the Cartan tensor, 

G*: the components of the canonical spray associated with {M,L), 
Nj := djG^: the Barthel (or Cartan nonlinear) connection associated with {M,L), 
6i := di — Nidr'. the basis vector fields of the horizontal bundle, 
:= dhNj = dhdjC". the coefficients of Berwald connection, 

Cjk •= g"Crjk = ^g"dkgrj- the h(hv)-torsion tensor, 

Ijk '■— \9^^{(^j9kr + dkQjr — drgjk)'- the Christoffel symbols with respect to di, 
'■— \9^^{^j9kr + ^kQjr — ^rQjk)'- the Christoffcl symbols with respect to 6i, 
(r};t,7Vj,qj: The Cartan connection CT. 

For a Cartan connection (T^ji^, Nj,Cjf,), we define 
:= 6kXj + XjTl^f^ — Xl^TJl: the horizontal covariant derivative of Xj, 

Xj\k '■= dkXj + Xj^C^f^ — XIJJ^: the vertical covariant derivative of Xj. 

Let -F" = (M, L) be an n-dimensional Finsler space with a fundamental function 
L = L{x, y). Consider the following change of Finsler structures, which will be called 
a generalized /3-conformal change, 

L{x, y) ^ I(a;, y) = /(e'^(^U(x, y), /3(x, y)) = f{L, /3), (1.1) 



3 



where / is a positively homogeneous function of degree one in L = e°"L and /3 and 
/3 = hi{x)dx^. Assume that F = (M, L) has the structure of a Finsler space. Entities 
related to F will be denoted by barred symbols. 
We define 

where L = e^L. We use the following notations: 



Q. ■= ff2, 


p :-- 


= ffi/L, 


qo ■■= ff 22, 


Po 


= fi + go, 


q-1 ■■= ffu/L, 


P-i ■■ = 


g_i + (p/2//), 


:= /(eVii - 


U\/L))/L\ p„2 


:= g„2 + (eV//' 



Note that the subscript under each of the above geometric objects indicates the degree 
of homogeneity of that object. We also use the notations: 

mi := fei - 7^ 0, po2 := 

Proposition 1.1. Under a generalized P-conformal change, we have: 

(a) ~k = e^fik + f2bi, 

(b) hij = e^p hij + qomirrij, 

(c) 9ij = e^'pgij + Po bibj + e^p^iipiVj + hjyi) + e>_2 Vi Vj- 

(d) The inverse metric 'g^^ of the metric 'g^j is given by 

r = {e-yp)g'' - sobV - s.^{yV + y^U) - s.^vW, 

where 

So : = e-'^f^/iepL^), := p^^f/ipeL"), s^, := p^,{e''m^pL^ - b^f^)/{epf3L^), 
e := f'^{e"p + rri^qo)/ Lr' 7^ 0, = g^^rajnii = m^rrii ^ 0, U = g^^bj. 
Remark 1.2. The quantities So , s_i , s_2 satisfy: 

(3so + L^s_i = q/e, 
b'^S-i + (5s-2 = e"p-\rr? je. 

Let C, = Cijug^^, C' = Cji^g^'' and = C'Q. Then, we have 
Proposition 1.3. Under a generalized P-conformal change, we have 
(a) The Cartan tensor Cijk has the form 

Cijk = e'^pCijk + Vijk, (1.2) 
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(b) The (h)hv-torsion tensor C^j has the form 

C[, = CI^ + MI^, (1.3) 

where 

^ijk '■= ^ {hijmk + hjkmi + hkirrij) + -^mimjrriu, (1.4) 
Mlj := ^{e-^m^/p - m\sob^ + s_i?/'))(po2"^imj + e>_i/iij) 

P 1 

-e^isob^ + s^iy^){pCiji3 + p^imirrij) + —{h\mj + /i^mi), 

and h^j = g'^^hij, Cijfi := Cip-V , Cij^p := CijkVh^ and so on. 

(c) Ci = Ci- e^psoCipp + Ami, 
where A := h 



2p 2 2{e''p + qom?) 



e 



(d) C = — + J\ 
P 

Ae""' 

where T := m* - - (C/3 + Am^ - e'^SopC^/3/3)(sofe' + s_i?/*), Cp := Cj6* 



(e) 67' = — + 

p 

where $ := A2m2((e"'^/p) - s^m^) + (7;3((2Ae"'"/p) - so(l + 2Am2)) 



-soC/3/3/3(l - 3A + e^sopCp) 



Proposition 1.4. Under a generalized (5-conformal change, the v-curvature tensor 
of (M, L) is transformed as follows: 

Siijk = e'^pSiijk + ^jk{Hikhij + Hijhik + uJikCijp + cjjjC/fc/j}, 

Hij : = KiTTLimk + -ft'2Cii/3 + -ft's^ij, ^ij := Kiminij - ^e'^^p'^SoCijin, 

4p 4(e'^p + go"^ ) 2 2 

^3 • = a I ^' ^4 := ^ , ^ - e SoPP-l. 

Remark 1.5. 

The tensors Hij and Uij defined above have the following properties: 

(1) Hij and Uij are symmetric. 

(2) Hij and ujij are indicatory: Hijy'^ = 0, OJijy^ = 0. 
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(3) g^^ij = Kim^ + + (n - 1)^3 and g'^Uij = K^m"^ - ^e^" sop'^C^. 

Proposition 1.6. Under a generalized P-conformal change, the vertical Ricci tensor 
Sik and the vertical scalar curvature S associated with the transformed space (M, L) 
are given by: 



Sik = Sik + Khik + {^som'^ - J Hik + '^ik, 

S = —S + '^K{{n - 2) - e'^psom^} - + — ^ - soSikb'b 

p p p 



i l,k 



where 

K := SoH^p - ^{Kim'' + K^Cp + (n - l)K^), 

e~" 1 

^ifc := {^rkCL + WriC'L - {Kirn^ - -e^" SQp^Cii)Cikp} - So{Hfjkmi + Hi^nik 

p I 

+uji3kCii3/3 + uJipCkpp — ^ppCikp — ^ikCppp + e'^pShijkb^V}, 

Hpp := HijVbP, ujfifi := ^ijb'V , ^ := ^ijg'\ := ^ijb'V. 

Note that the tensor is symmetric and indicatory. 



2. Special Finsler spaces 

In this section we will investigate the effect of the generalized /3-conformal change 
(11. ip on some special Finsler space. Some of the results obtained in this section are 
generalizations of known results and some are new. For a systematic study of special 
Finsler spaces, we refer to [27] . 

In what follows, let (M, L) be a Finsler manifold and (M, V) the transformed 
Finsler manifold under a generalized /3-conformal change. The geometric objects 
associated with (M, L) will be denoted by barred symbols. 

Theorem 2.1. For n > 2, under a generalized (3-conformal change, the following 
assertions are equivalent 

(a) = 0. 

(b) q = kP; k is a nonzero constant. 

(c) djk = e^pCijk- 

(d) L = {k'e^^L"^ + kf3'^)^ ; k' is a nonzero constant. 

The special [i-conformal change (d) is referred to as an energy (5-change l2^ . 
Proof. 

//12 p/2 

(a) ^(b): Let p-i = 0, then — 1 — — = which leads to //12 + /1/2 = 0, hence, 

/ 

d 

-^{ff2) = 0. By integration, taking the homogeneity of / into account, we get 
dL 
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q = kp, with k^O. 

d 

(b) ^(c): Let q = kl3, then -^{ff2) = //12 + /1/2 = 0, which leads to p„i = 0. 

dL 

Using f3po + e" L'^'p-.i = g, we get /3po = <i- By differentiating the last identity with 
respect to /3, we have 

/3P02 + = fl + //22 = Po, 

which leads to po2 = 0. Hence, by f ll.4p Vijk = and, consequently, Cijk = e.'^'pCijk- 

(c) ^(d): Let Vijk = 0, then 

e>„i(/iijmfc + /ijfcW^i + /ifci"^i) +Po2mimjmk = 0. 

By contraction by 6*, we have 

e'^P-i{2mjmk + m^hjk) +po2"i^mjmfc = 0. (2-1) 

Contracting (12. ip again by V , we get Se'^p^i = m^po2- Hence, (12.11) reduces to 
P-iim^hjk — rrijimk) = 0, which leads to p„i = or m^hjk — mj-rrik = 0. Now, if 
fn'^hjk — rrijmk = 0, then, n = 2 which contradicts the hypothesis. Hence, p-i = 0, 
and consequently, q = kp. Then, we have the partial differential equation 

//2 = k(3. 

By integration with respect to P and using the fact that / is homogenous of degree 
1 in /3 and L, we get 

f = kp' + cpiL), 

where f{L) is a homogenous function of degree 2 in L, which may be written as 
Lp{L) = k'L'^. Hence, p = kfS"^ + k'L"^ and consequently, 

I = {k'L" + k(5^y^ = {k'^'^L' + k(5^)"^. 

(d) ^(a): It is obvious. □ 

Corollary 2.2. For n > 2, under a generalized P-conformal change, if one of the 
above equivalent conditions holds, then the space (M, L) is Riemannian if and only if 
(M, L) is Riemannian. 

We will study the change of some special Finsler spaces under a generalized /3- 
conformal change. 

Definition 2.3. A Finsler space {M,L) with dimension n > 3 is said to be quasi-C- 
reducible if the Cartan tensor Cijk satisfies 

Cijk = QijCk + QjkCi + QkiCj, (2-2) 

where Qij is a symmetric indicatory tensor. 
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By Proposition II .3^ assuming A 7^ 0, we have 

Cijk = e^pCijk + — |^(/i.ymfc + hjknii + htinij) + ^niimjmk 
= e^pCijk + ^&ijk{{Se'^P-ihij + Po2mimj)mk} 

= e^pCijk + {(3e>„i/iij + po2mimj){Ck -Ck + e^SoCfc/j/?)} 

= e^pCijk + ■^'^ijk {(3e>_i/iij + po2mimj)Ck} 

+ ^©iifc {(3e>_i/ijj +po2"^i"ij)(e>SoCfc/3/3 - C^)} . 
Hence, we have 

Lemma 2.4. Under a generalized (3-conformal change, the transformed Cartan tensor 
can he written in the form 

where Q^j := ^{Se^p-ihij +po2mi'mj), 

Qijk ■= {2e''\pCijk + (3e>_i/iij + Po2mimj){e''psoCkf3fi - Cfc)} • 

By the above lemma and taking into account that the tensor Q^j is symmetric 
and indicatory, we get the following result. 

Theorem 2.5. If the tensor qijk = 0, then the space {M,L) is quasi- C-reducihle. 

As a corollary of the above theorem, we obtain a generalized form of Matsumoto's 
result [Til: 



Corollary 2.6. Under a generalized (5-conformal change, a Reimannian space (M, L) 
is transformed to a quasi- C-reducible space. 

Definition 2.7. A Finsler space {M,L) of dimension n >?> is called semi- C-reducihle, 
if the Cartan tensor Cijk is written in the form: 

r t 

Cijk = ^ _|_ ]^ {hijCk + hkiCj + hjkCi) + -^CiCjCk, (2-3) 

where r and t are scalar functions such that r + t = 1. 

The next result has been obtained by Matsumoto and Shibata [16] in the special 
case of Finsler spaces with (a, /3)-metric. 

Theorem 2.8. A Riemannian space is transformed to a semi- C-reducihle space, hy 
a generalized [i-conformal change. 
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Proof. From Proposition 11.11 and Proposition 11.3^ we get 

Cijk = ^e''p_i{hijmk + hjkTrii + hkirrij) + ^Po2mimj'mk 

= TT-rihijCk + hjkCi + hkiCkj) H {PP^ P ^^n ^'^i^fc 

2pA(e'^p + m2go)C 

7^ f 

= — ~~r{hijCk + hjkCi + hkiCkj) + ^CiCjCk, 
n + 1 C 



where 



p_i(n + l) ^ _ m^(ppo2 - 3p-igo) 



2pX ' 2pA(e°"p + m^go) 

which means that (M, L) is semi-reducible. □ 

Definition 2.9. A Finsler space {M,L) of dimension n > 3 is called C-reducihle if 
the Cartan tensor Cijk has the form: 

Ci 

Cijk = hijAk + hkiAj + hjkAi, Ai = — — -. (2-4) 

n + 1 

Define the tensor 

Kijk = Cijk ~ {hijAk + hkiAj + hjkAi). 

It is clear that Kijk is symmetric and indicatory. Moreover, Kijk vanishes if and 
only if the Finsler space (M, L) is C-reducible. 

Proposition 2.10. Under a generalized [i-conformal change, the tensor Kijk associ- 
ated with the space (M, L) has the form 



where 



Kijk 6 pKijk ~\~ dijk., 



iijk := ^ ^ ^ &ijk{{n + l){aihij + a2mimj)mk + qomirrijCk 

+ {sopqomimj + e^p^ SQhij)Ckfip}, 

e>_i e^pX po2 go A 

:= — t: —r, ^2 ' 



2 n+1 6 n+1 

Consequently, we have 
Theorem 2.11. Under a generalized [i-conformal change, the following assertions 

(a) the space (M, L) is C-reducihle, 

(b) the space (M, L) is C-reducihle 

are equivalent if and only if the tensor dijk vanishes. 

Corollary 2.12. If L = e'^L + /3, L heing Finslerian, then the tensor dijk vanishes. 
Consequently, (M, L) is C-reducihle if and only if (M, L) is C-reducihle. 
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Lemma 2.13. Under a generalized (i-conformal change L = f{e'^L,/3), with L Rie- 
mannian, the tensor dijk takes the form 

dijk = &ijk{aihijmk + a2mimjmk}. 

Theorem 2.14. Under a generalized P-conformal change L = f{e'^L,l3), with L 
Riemannian, the following assertions are equivalent: 

(a) = and = 0, 

(b) (M, L) is C-reducible, 

(c) (M, L) is either of Randers type or of Kropina type. 
Proof. 

(a) ^(b): It is obvious. 

(b) ^(a): Let the space {M,L) be C-reducible, then, by Lemma [2.13[ we have: 

dijk = &ijk{aihijmk + a2mimjmk} = 0. (2.5) 

Contracting (12. 5p by we get 

{n + l)ai + 3m^a2 = 0, (2.6) 

and contracting the same equation by b^b^ , we get 

ai + m^a2 = 0. (2.7) 

The last two relations lead to [n — 2)ai = 0. Since n > 2, then ai = and conse- 
quently Q!2 = 0, by (12.71) . 

(a) ^(c): If ai = a2 = 0, we have (n + l)p-i = 2p\ and (n + l)po2 = 6goA. Solving 
the last two equations for A, we get 

3goP-i = PPo2- 
From which we obtain the patrial differential equation 

3/12/22 r _ n 

7 /222 — u. 

Ji 

Now, if f22 = 0, by integration with respect to /3 and taking the homogeneity of / 
into account, we get /2 = ipi{L), where fi{L) is a homogenous function of degree 
in L. Hence, by integrating /2 with respect to (3, we get 

L = ^^{L)f3 + ^2{L), 

where ^2{L) is a homogenous function of degree 1 in L. By the homogeneity properties 
of ^i{L) and (p2{L), using Euler theorem, we conclude that (pi{L) = ci and ^2{L) = 
02, where ci and C2 are constants. Consequently, 

L = C2L + ci/3. 
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On the other hand, if /22 7^ 0, we have 

3/12 _ /222 
/l /22 

which, by integration with respect to /3, gives 



0, 



31n/i - ln/22 = lnv33(^) ^ 7^ = '^^{L) = C3L, 

J22 

where ^PsiL) is a homogenous function of degree 1 in L and C3 is nonzero constant. 
Using + /3/12 = and L/21 + /3/22 = 0, we have 



from which fi = — ^ If C4 7^ 0, then 

+ C4L2 



and if C4 = 0, then 



C4 



C3/3 

The former may be regarded as of Randers type and the later as of Kropina type, 
(c) =^(a): The result follows directly by computing ai and ^2 for Randers and 
Kropina spaces. □ 

It should be noted that Matsumoto [9] showed that C-reducible Finsler spaces 
with (a, /3)-metric are either of Randers type or of Kropina type. 

Definition 2.15. A Finsler space (M, L) of dimension n >2 is said to be C2-like if 
the Cartan tensor Cijk satisfies 

C^Cijk = CiCjCk- (2-8) 

Let us define the tensor 

It is clear that rjij^ is symmetric and indicatory. Moreover, rjijj. vanishes if and 
only if the Finsler space is C2-like space. 

Proposition 2.16. Under a generalized fi-conformal change, the tensor rj-f. associ- 
ated with the space (M, L) has the form 

Vijk Vijk ~l~ -^ijki 
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where 

hjk ■= {e~''/p)C'^Vijk + ^{e^pCijk + Vijk) - X^mimjirik 

-\^{mjmkCi + miTrijCk + rriimkCj) - X{mkCiCj + nijCkCi + niiCjCk) 
-e''pso[Cif3fi{e''psoCkf3fi{Xmj - Cj - e'^psoCj^f^) + e''psoCjfip{Xmk + Ct) 
-X{mkCj + rrijCk - XuijiTik) - CjCk] + Ckpp{CiCj - e^'psoCiCjp^ + XniiCj 
+XmjCi + X^mirrij) + XCj^p^Xmirrik + CiCk + rriiCk + rrikCi - e^psQmiCkpp)]- 

Theorem 2.17. Under a generalized fi-conformal change, the following assertions 

(a) the space (M, L) is C2-like, 

(b) the space (M, L) is C2-like 

are equivalent if and only if the tensor lijk vanishes. 

Lemma 2.18. Starting with a Riemannian space {M,L), under a generalized (3- 
conformal change, the tensor lijk takes the form: 

lijk = ^Vijk - X^mimjUik. (2.9) 

Theorem 2.19. For a (5-conformal change L = e"L + fi; L being Finslerian, a 
necessary condition for the assertions 

(a) the space (M, L) is C2-like, 

(b) the space (M, L) is C2-like 
to be equivalent is that Cf^ = 0. 

Proof. In the case of L = e°'L + (3; L being Finslerian, $ = Xe~'^L{Xm? + 2C/3)/L, 
A = and Vijk = ^{hijnik + hjkrrii + hkirrij). Now, let the above assertions be 
equivalent, so lijk = 0. Contracting (\2.9h by g^^, we have = and the result 

follows. □ 

If (M, L) is a Riemannian space and the tensor lijk vanishes, i.e., (M, L) is C2-like, 
we have 

X^— — ■ -{e^p-iihijiTik + hjkrrii + hkirrij) + po2mimjmk) - 2X^mimjmk = 0, 

e^P + Qom^ 

contracting by 6*6^ and assuming that A 7^ 0, we get 

(n-2)p_i = 0. (2.10) 

Hence, we have 

Theorem 2.20. Starting with a Riemannian space {M,L), if the transformed space 
(M, L) is C2-like, then one of the following holds: 

(a) dimM = 2. 
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(b) The generalized P-conformal change is an energy (3-change and the transformed 
space is Rimannian. 

Corollary 2.21. Let the generalized f3-conformal change be of the form L = e"L + f5, 
with L Riemannian. If (M, L) is C^-like, then dim M = 2. 

Corollary 2.22. A Reimannian space of dimension > 3 can not be transformed to a 
non-Reimannian C2-like space. 

Now, we are going to study two special Finsler spaces whose defining property 
depends on the v-curvature tensor Sujk, namely, the S'3-like and S'4-like Finsler spaces. 

Definition 2.23. A Finsler space (M", L) with dimension n > 3 is said to be S^-like 
if the v-curvature tensor Sujk satisfies 

S 

Siijk = — — 2)^^^'^^'-^ ~ (2-11) 

where S is the vertical scalar curvature. 
Define the following tensor 

f^iijk = Siijk - _ _ 2)^^^'^^^^ ~ hijhik}. 

It is clear that the tensor fihijk vanishes if and only if the space is S'3-like. 

Proposition 2.24. Under a generalized (5-conformal change, the tensor flhij^ asso- 
ciated with the space (M, L) has the form: 

l^Ujk = e^'pfiHjk + riijk, 

where 



r lijk — ^jk{Hikhij + Hijhik + UikCjjij + ujijCj3ik — -, —-} T^^ij^ik 



(n- l)(n-2)' 



^° {S + e''pVL){hikmimj + hijfnimk)}, 



{n-l){n-2) 

n := ^ - SoSikUh^ - Sq^rr H Kin - 2 - e^ps^w?). 

p P 

Theorem 2.25. Under a generalized (i-conformal change, the following assertions 

(a) the space (M, L) is S^-like, 

(b) the space (M, L) is S^-like 

are equivalent if and only if the tensor rujk vanishes. 

Proposition 2.26. For a (3-conformal change L = e"L + (3, the tensor rujk takes the 
form 

1 Tfl^ 

flijk = CjSjkhii + —=mjmkhii + --=hjkhii — Aphjkhu, 
Where A, = {C, + ^vr?) . 
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From the above proposition, we retrieve a result due to Abed [T]: 

Corollary 2.27. In the case of a [i-conformal change L = e'^L + /3, the following 
assertions 

(a) the space {M, L) is S^-like, 

(b) the space (M, L) is S^-like 
are equivalent if and only if 

1 TTl^ 

CrjkV + -=mjmk + -=hjk = Aphjk- 
2L 4L 

Finally, we study S'4-like Finsler spaces under a generalized /3-conformal change. 

Definition 2.28. A Finsler space (M, L) with dimension n > 4 is said to be S^-like 
if the V- curvature tensor Shijk satisfies 

Siijk = ^jk{hijM,k + hikMij}, (2.12) 

where Mjt = | Sik -, — 1 . 

(n - 3) \ 2{n - 2) J 

Define the tensor 

Ciijk = Siijk - %k{hijMik + hikMij}. 
It is clear that the tensor Chijk vanishes if and only if the space is S'4-like. 

Proposition 2.29. Under a generalized generalized P-conformal change, the tensor 
Chijk associated with the space (M, L) has the form 

Clijk ~ ^"vCujk + ^Ujki 

where 



e p 



Siijk ■■ = diijki^ikCijsb' + qoMikminij H -{som Hikhij + Khikhij + "^ikh 



n — 3 

f e'^qoS Vlp{e''phik + qomrrik 



o \ nf r,\'f^i'f^khij ^ —. -7 hij + e "qoKhikniimj 

n — 3\2{n — 2) 2{n — 2) 

+ (^ik + {sopm^ - {n- 3)e~'^)iJ/fc - ^ 2) ^'^) "^^"^j}' 

and 

diijki^ikyij} ■= XikYij + XijYik — XijYik — XikYij. 
Theorem 2.30. Under a generalized [i-conformal change, the following assertions 

(a) the space (M, L) is S^-like, 

(b) the space (M, L) is S/^-like 
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are equivalent if and only if the tensor Ehijk vanishes. 

In the case of a /3-conformal change L = e°"L + /3, the tensor ehijk vanishes and 
we retrieve the the following result of Abed [T]. 

Corollary 2.31. For a of (5-conformal change L = e'^L + P, the space {M,L) is 
S^-like if and only if the space (M, L) is S4^-like. 



3. The T-tensor Thijk 

The T-tensor is defined by [10] 

Thijk = ^^hijlk + Chijlk + Cfiiklj + Chjkh + Cijklh, 

It should be noted that the T-tensor has a great contribution in geometric properties 
of special Finsler spaces. For instance, Hashiguchi |1] has shown that a Landsberg 
space remains Landsberg under a conformal transformation, if and only if Thijk = 0. 
On the other hand, Matsumoto [12] has obtained interesting results for spaces with 
Thijk = and, further, he investigated the three-dimensional Finsler spaces with 
vanishing T-tensor. 

In this section we compute the T-tensor under a generalized /3-conformal change 
and consider some interesting special cases. 

Theorem 3.1. Under a generalized 13 - conformal change, the transformed T-tensor 
takes the form: 

Tiijk = ^ Tiijk — ^ '^I^z){hiihjk + hijhik + hikhij) 

+ {hiih'jk + hijUik + hijVik + hjkVii + hik^ij + hikfji) 
+ (eW2 - ]^e''Lp_i){Ciijmk + Cijkmi + Cjitrrii + Cuknij) 
—L{MijCikp + MjiCikp + MiiCjkji + MikCijp + MjkCuii + MikCjip) 
+Le^"sop^{Cijf)Cikp + CijpCikp + CiipCjkp) + ^L^GK^ + po22)mimimjmk 

{nijUikmi + nikrajnij) + -po2{nijmkmi + nikminij) 



where 



^ij ■= If V-\n,j - L{Ki + + -^jmirrij 

2a 2 4e'"P-lP02 + Po2"^^ 

K5 := e sop_i ^ , 
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Proof. One can show that 
dkCiij = e^pdkCiij + e^p-i^CiijTnk + Cijum + Cjikrrii + CukTUj) 

-{hurijk + hijUik + hijUik + hjuuu + hikUij + hikUji) 



2L 

-^^jY^ihiihjk + hijhik + hikhij) - ^^{hymkmi + humjUik + hkimirrij 
+hjkmimi + hikTRjini + hijUiirrik) + ^J9o22"^i"2jmfcm/ 

-j^inijnikmi + riikmirrij) (3.1) 

where n^j := /jm^ + Ijnii and po22 := ^Po2- Similarly, 
— — r 1 

CijrCik = e^pCijrCl^ + -e>_i(C/jfcmj + Ciifem^ + Ci^-fc"^; + Cijiuik) 

+Ki{Cikpmimj + Cij/smimk) + (i^i + ^e''p\){hijmkmi + hikfriimj) 
+2Kshijhik + K2{Cikphij + Cijphik) - K^mimjUiimk - e^^p'^SoCij^Cik/s 
{humjmk + hjknihmi + hiktUjinfih + hjiminik), (3.2) 



4p 

Using (El]) and (I32D, we get 

^f-ijik ~ '-'k^lij ^Ik^mij '^ik^mlj '^jk'^mli 

f3e"p^i 

= e"p Cujlk - (—^^2 ^ 2Ks){hiihjk + hijhik + hikhij) + ?,K^mimjmkmi 

+ ^e''p^i{Cijkmi + Ciikfrij + Cijkm + Cijiuik) - ^{nijUikmi + niknijiTij) 

P—\ 

-{hiiUjk + hijUik + hijUik + hjkUik + hijUik + hikUji) 



2L 

~ Ap -^iV^ij^i^k + hikmiUij + humjUik + h^kmnii 

+hikmjmi + hjiniimk) - {MijCikp + MjiCukf} + MuCjkp + MikCijp 
+MjkCiij3 + MikCjip) + e^'^ SQp^iCijpCikjs + CijfjCikfi + CapCjkp), (3.3) 

where Mij := K2hij + K^mirrij. 

The result follows from (13. 3p . Proposition ll.3l and the definition of the transformed 
T-tensor 

Thijk = L Cfiijlf. + Chijik + Chikij + ChjkU + Cijkih- n 

The transformed T-tensor for some important special Finsler spaces can be de- 
duced from the above result. 

Corollary 3.2. Under a Kropina change, L = L'^/P; L being Reimannian, the trans- 
formed T-tensor takes the form: 

Tiijk = j^{hiih,jk + hijhik + hikhij) + -^^^{hurrijmk + hijUiiUik + hijUiinik 

+hjkmimi + hikmiTTLj + hiknijini) + -^^j^mimimjmk. (3.4) 
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It is to be noted that the above result is also obtained by Shibata 

Corollary 3.3. Under a conformal change L = e^L, the transformed T-tensor takes 
the form 

J- lijk C ± lijfi 

Corollary 3.4. Under a Randers change L = L + (3 , L being Riemannian, the T- 
tensor takes the form: 



where Gi := + + 2L/3. 

The above case has been studied by Matsumoto [TT 



Corollary 3.5. Under a P-conformal change L = e'^L + fi; L being Finslerian, the 
transformed T-tensor takes the form: 



Tiijk — -^j^Tiijk — -^^{hiihjk + hijhik + hikh. 



{hijCikp + hjiCik/B + hiiCjkp + hikCijp + hjkCup + hikCjip) 



2L 

where 9 := m + (5"^ + 2e'^L/3. 

Corollary 3.6. Under a f3-conformal change, a necessary condition for the vanishing 
of the transformed T-tensor is that 

_ (n^-l)e i_n-l)L 

J - =2 1 = <-'/3, 

ALL L 

where T = g^^g'^Tujk- 



4. The b-condition 

In this section we introduce and investigate what we call the b-condition. We 
study the effect of subjecting some special Finsler spaces to this condition. In the 
following we assume that we are given a generalized /3-conformal change L = f{e'^L, /3) 
with /3 = hiu'^ = b^yi. 

A Finsler manifold (M, L) is said to satisfy the b-condition if 

b^Cijk = 0. 

Theorem 4.1. For n > 2, the following two assertions are equivalent: 
(a) The b-condition is invariant under a generalized fi-conformal change. 
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(b) The generalized (5-conformal change is an energy (5-change. 
Proof. 

(a) ^(b): Let VCijk = 0. Then, VCijk = and we have, by Proposition \1.3\ 

e"p-i{m^hjk + 2mjmk) + po2m'^rnjmk = 0. 
Contracting by , we get Se^'p^i = — m^po2- Hence, 

e^p^iirn^hjk — rrijmk) = 0, 
contracting again by g^^, we get 

(n - 2)p„i = 0. 

Since n > 2, then p_i = and hence the result follows from Theorem 12.11 

(b) =^(a): Let the generalized /3-conformal change be an energy /3-change. Then, by 
Theorem 12. H we obtain Cijk = e'^pCijk- Hence the result. □ 



Theorem 4.2. Under a generalized Randers change, if{M, L) satisfies the h-condition, 
the generalized Randers space (M, L) can not satisfy the h-condition. 

Proof. Let (M, L) satisfy the b-condition UCijk = 0. If (M, L) satisfies the b- 
condition, then b^Cijk = 0, and consequently, 

^h\2LCijk + hijiTLk + hjkmi + hiknij) = 0, 

or ^ 

—^{m^hjk + 2mjmk) = 0, 
21j 

which, by contraction by g^'', yields a contradiction: n = —1. □ 

Theorem 4.3. Consider the generalized fi-change ( (i.ij) . In each of the following 
cases 

(a) two-dimensional Finsler space, 

(b) three-dimensional Finsler space satisfying the condition L{x, —y) = L{x,y), 

(c) quasi- C-reducihle space with UVQij ^ 0, 

(d) C-reducihle space, 

(e) The transformed space (M, L) with L Riemannian, 

if the given Finsler space (M, L) satisfies the h-condition, then it is Riemannian. 
Proof. 

The proof of (a) and (b) runs on in a similar manner as given in [15] for a concurrent 
vector fields. 

(c) Contracting (12. 2 p by UW , we get 

h'VQifiu = 0. 



Hence, Ck = for b'VQi^ ^ 0. 

(d) Contracting ( 12 ■4p by b'^b' , we get 



m'Ck = 0. 

Consequently, Ck = 0. 

(e) Let {M,L) be a Finsler space with (a, /3)-metric, then 

'-'iifc = — {hijirik + ftjfc"^i + hkiTrij) + —mi-mjmk. 
The condition that b^Cijk = leads to 

e"p-i{'m^hjk + 2mjmfc) + po2'^^'^j"^fc = 0. 
Contracting by 6-^, we get 3e'^p_i = — m^po2- Hence, 

e'^P-i{m?hjk — nij-mk) = 0, 
which, by contracting by (7-''^, yields 

(n - 2)p_i = 0. 

Thus, if n = 2, the result follows by (a) and if p_i = 0, then po2 = and hence 
Cijk = 0. □ 

Theorem 4.4. A semi-C-reducible Finsler space satisfying the b-condition is either 
Riemannian or C2-like. 

Proof. Contracting fl2.3p by IPb^, we have rm?Ci = 0. Since 7^ 0, then either 
r = 0, which implies that the space is C2-like, or Cj = 0, which implies that the space 
is Riemannian. □ 

Theorem 4.5. // an S^-like Finsler space {M,L) satisfies the b-condition, then its 
vertical curvature tensor Shijk vanishes. 

Proof. Contracting (12. lip by b\ we get 

S{hikmj - hijiJik) = 0. (4.1) 

Again, contracting (14.10 by we have (n — 2)Smk = 0. As n > 4 and 7^ 0, it 
follows that 5 = and consequently, Sujk = 0. □ 

Lemma 4.6. // a Finsler space satisfies the b-condition, then we have V\h = and, 
consequently, 

Cijhlkb^ = Cijk\hb^ = 0. 

Proof. From the definition of vertical covariant derivative of Cartan connection, we 
have 

b\ = dhV + y^C'^^ = dnib^g^') = {dhbj)g''^ + b.dhg'' = 
and hence Cijk\hb^ = C,jh\kb^' = {Cijhb'')\k = 0. □ 
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It is well-known that if (M, L) is Riemannian, then the T-tensor vanishes. But 
the converse is not true in general. The next result shows that the converse is true 
in the case where (M, L) satisfies the b-condition. 

Theorem 4.7. A Finsler space satisfying the b-condition is Riemannian if and only 
if the T-tensor T^ij^ vanishes. 

Proof. It is clear that if the space is Riemannian then the T-tensor vanishes. On the 
other hand, if the T-tensor vanishes, then 

LChij\k + Chijlk + Cfiiklj + Chjkh + Cijklh = 0. 
Contracting by b\ using Lemma we have j^Chjk = 0. Hence Chjk = 0. □ 

Let us write 

Tij '.= TijhkQ = LCi\j + liCj + IjCi- (4-2) 
By contracting (14. 2 p by 6* , making use of Lemma 14.81 we have 

Hence, we have 

Corollary 4.8. A Finsler space satisfying the b-condition is Riemannian if and only 
if the tensor Tij vanishes. 

5. Projective change and generalized ^-conformal 
change 

In this section we will be guided by Matsomoto [13] and Shibata [18]. For two 
Finsler spaces (M, L) and (M, L) with the same underlying manifold M, if every 
geodesic on of (M, L) is also a geodesic of (M, L) and vice versa, the change L — )■ L 
of Finsler metrics is said to be projective. A geodesic on (M, L) is characterized by 

^4 + 2G^ = wy\ '^ = y\ 
at dt 

where w = {d^ s / dt^) / {ds / dt)'^ and G\x,y) = ^Yj^y-'y'' is the canonical spray of 
(M, L). We are going to find out a condition for a generalized /3-conformal change to 
be projective. 

Consider the left hand side of Euler-Lagrange equations 

£r.= Oil - j^{d,L) (5.1) 

Proposition 5.1. Under a generalized fi-conformal change L = f{e'^L,(]), the func- 
tions Ii5.1\) are transformed according to 

fSi = Le"pSi + LqomimJ'Er + y^j, (5.2) 

where 

ipi := L^e^pai - {pLe^k - qof3mi)ao + IqFoi - qoEoorrii, (5.3) 

1 1 

(Tj := 9jCr, Fij := -(&i|j — bj\i), Eij := -{hy + bj\i), 

(To = aiy\ Foi = Fiiy\ Eqo = Eijy'y^ . 
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Proof. Making use of the homogeneity of /, Ei can be computed as follows. 



dt dt 



1 p 

= he^Sr + fiLaic'' - fio^e'^k + 2/2F0, - -j^m,. (5.4) 

Using the relation — = y^dgyr + drs—;—, the last term — — of (15. 4p is given by 
dt dt dt 

df2 ^ j^^^^ f22 — 

dt dt dt 



e-L " ' " dt ' ~ dt ' ' ' "'""^ ' dt' 

= /22-Eoo - Lf22mim''£r - ^22(^0- (5.5) 

Now, substituting (15. 5p into (15. 4p . we get 

= Lpe^Ei + q^Lrriirrf £r + v^i. □ 

Theorem 5.2. A generalized P-conformal change is projective if and only if the vector 
ipi vanishes. 

Proof. Let the generalized /3-conformal change be projective. Then, = is equiv- 
alent to = and consequently, (pi = hj (15. 2p . 

Conversely, if = 0, then (15.21) shows that Si = implies £i = 0. On the other 
hand, if = and ipi = 0, then e'^pEi + q^mirrfEr = 0. Contracting the last equation 
by m\ taking into account that e'^p + m^go 7^ 0, we get Srm^ = 0. Consequently, 
£i = 0. □ 



From the above theorem, we retrieve the following two results due to Shibata [I9] 
and Hashiguchi and Ichijo [5] respectively. 

Corollary 5.3. A P-change is projective if and only if 2gFoi = qoEoorrii. 

Corollary 5.4. A Randers change is projective if and only if = 0, that is, hi is 
gradient. 



The following two results are a generalized version of Shibata's result [19] and 
Matsumoto's result 1131. 



Theorem 5.5. Assume that the generalized /3-conformal change is projective 

and L is Minkowskian, then the Weyl torsion Wij and the Douglas tensor D^ji^ of 
(M, L) vanish. Consequently, (M, L) with dim M > 2 is projectively fiat. 
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Proof. The Weyl torsion tensor is given by 

o o o o o o 

where Rij =R^j^, Rj = ■;^{nRoj +Rjo) and R^j/^ is the h-curvature of the Berwald 

o o o 

connection. Since {M,L) is Minkowskian, theni?-^;, = 0, and so Ry = Ri = 0. 
Consequently, W^j = 0. By the invariance of W^!- under a projective change, we have 

= 0. 

The Douglas tensor is given by [T3] : 

° ° h ° h ° 

where Pij =Pj^jj^, Pj^-^ is the hv-curvature of the Berwald connection and | denotes 
the vertical covariant derivative with respect to the Berwald connection G^y Since 

o o 

(M, L) is Minkowskian, then P^^^ = 0, and so Pij = 0. Consequently, Z^^^^, = 0. By 

the invariance of D'^jf^ under a projective change, we have D^^-^. = 0. 

Finally, as Wl'j = 0, Df^-^ = and dim M > 2, (M, L) is thus projectively fiat 

□ 

Theorem 5.6. Assume that the generalized P-conformal change is projective and L 
is Riemannian, then the projective hv-curvature tensor D^^^^ of (M, L) vanishes. 

° h ° 

Proof. Since {M,L) is Riemannian, then P^jg. = 0, andPjj = 0. Consequently, 
P'ijk — 0- By the invariance of D'^j,^ under a projective change, we have D^;, = 0. □ 

Theorem 5.7. // ipi = 0, then (M, L) is of scalar curvature if and only if (M, L) is 
of scalar curvature. 

Proof. According to Szabo [21], a Finsler space is of scalar curvature if and only if 
Wlj = vanishes identically. Let (fi = 0, then by Theorem 15.21 the generalized (3- 
conformal change is projective. Now, let (M, L) be of scalar curvature, then Wj^ = 0. 

But w'^j = Wjj, hence, w'^j = 0. Consequently, {M,L) is of scalar curvature. Con- 
versely, let (M, L) be of scalar curvature, then W^j = which leads to W^j = 0, hence, 
(M, L) is of scalar curvature. □ 

In the Riemannian case the term "of scalar curvature" reduces to the term "of 
constant curvature". Thus , we generalize Yasuda and Shimada's result |24j . 

Corollary 5.8. Under a generalized P-conformal change, if ipi = and (M, L) is 
Riemannian, then the Finsler space (M, L) is of scalar curvature if and only if (M, L) 
is of constant curvature. 
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